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DESCENDENT TROPICAL MIRROR SYMMETRY FOR P 2 


D. PETER OVERHOLSER 


Abstract. We modify Gross’s construction of mirror symmetry for P 2 Ea 
by introducing a descendent tropical Landau-Ginzburg potential. The period 
integrals of this potential compute a modification of Givental’s J-function, 
explicitly encoding a larger sector of the big phase space. As a byproduct 
of this construction, new tropical methods for computing certain descendent 
Gromov-Witten invariants are defined. 


1. Introduction 

Following the pioneering work of Mikhalkin [20], tropical geometry has become 
a significant force in enumerative geometry and mirror symmetry. The Strominger- 
Yau-Zaslow conjecture 124] provides a helpful heuristic for understanding this suc¬ 
cess, positing that mirror manifolds A and X possess dual special Lagrangian fibra- 
tions over a common base B (see [T2] for a discussion of some recent advances in this 
direction). The natural geometry on B is tropical, and certain predictions of mirror 
symmetry are expected to be apparent as identifications of tropical structures that 
regulate both the A-model of X and the R-nrodel of X. 

Such an identification has been made in Gross’s study of mirror symmetry for 
X := P 2 m [TO] . which serves as a framework for this paper. As introduced by 
Givental in [9], we will consider a relationship between X and a mirror Landau- 
Ginzburg (LG) model. An LG model is a pair (A, W), where A is a manifold (in 
this case (C*) 2 ) and W : A — t C is a regular function. This work was expanded 
upon by Barannikov [2], who used period integrals and semi-infinite variation of 
Hodge parameters to construct a Frobenius manifold structure (see ESI) on the 
(B-model) moduli, the univeral unfolding of the LG potential. Under the mirror 
map, this Frobenius manifold is identified with another, that defined by the big 
quantum cohomology ring (A-model) of A. The induced change of coordinates 
relates the moduli parameters of the LG model with the flat coordinates of quantum 
cohomology. In these coordinates, the period integrals of the R-model compute 
Givental’s J-function. 

Work of Mikhalkin [20] established the equality of certain tropical curve counts 
in R 2 with Gromov-Witten (henceforth GW) invariants of P 2 , giving a tropical 
interpretation of its A-model. A corresponding tropical structure on the mirror 
side was introduced by Gross. One motivational principle was Cho and Oh’s [8j 
work relating terms in the LG potential to counts of Maslov index 2 holomorphic 
disks in A. See also [T] . A related construction was given by Fukaya, Oh, Olita, 
and Ono in [8], but in a category in which concrete calculation is quite difficult. 
By reducing to the tropical setting, one can define a combinatorial analogue of 
holomorphic disks (as shown in the work of Nishinou [21] ), which in turn can be used 
to define a tropical unfolding of the LG potential. Under the period integral, these 
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tropical disks are glued together into curves whose related GW invariants govern 
the quantum cohomology, and the mirror symmetric coordinate transformation is 
extremely natural. It is important to note, however, that mirror symmetry for P 2 
(in contrast to the elliptic curve case 0) relies on GW invariants that have no a 
priori tropical interpretation. The mirror map is used to give such an interpretation 
as counts of objects assembled from tropical disks; the foregoing argument does 
not yield a tropical proof of this type of mirror symmetry for P 2 , but instead 
demonstrates an equivalence between the classical validity of certain tropical GW 
invariants and mirror symmetry. 

We will pursue a variation on this theme. Instead of studying tropical structures 
that are expected to relate to classical objects of interest, we will work with com¬ 
binatorial constructions of unknown classical significance and study their behavior 
under mirror symmetry. We define a set of descendent tropical disks that result in 
a finer unfolding of the LG potential. The period integrals lead to a tropical ver¬ 
sion T trop of a modification of Givental’s J-function that explicitly encodes a larger 
than usual sector of the big phase space. Mirror symmetry produces a very nicely 
behaved change of coordinates, under which T trop is identified with a pullback 1 of 
the J-function. We then use axioms of GW theory to show that T tr0 p is equal to 
its classical counterpart T, a descendent version of the J-function. 

1.1. Results. We paraphrase our results here. 

(1) A set of points in general position in the plane determines a tropical descen¬ 
dent unfolding of the LG potential W. There exists additional data Ej, /, 
and f 1 such that the corresponding period integrals satisfy the conditions 
of Section 1 of [10] and do not depend on the choice of general points. 

(2) The period integrals calculate a generating function T trop of tropical invari¬ 
ants of type 


trop 
0 ,d > 



(degree d > 0, genus 0) where Tj jtrop is a tropical analogue of the condition 
given by a positive generator Tj of H 2z ( P 2 ,Z). We will later justify the 
suggestive notation. 

(3) The flat coordinates on the B-model Frobenius manifold are given as a 
generating function of tropical curve of type 


trop 
0 ,d ' 



By the results of |19j, these invariants are equal to their classical counter¬ 
parts, and thus the change of coordinates induced by mirror symmetry is 
defined in terms of classical GW theory. 

(4) We define J as the pullback of the J-function to the B-model Frobenius 
manifold and T to be the classical analogue of T trop . By [2], J = T trop . 

(5) T can be condensed as a generating function of GW invariants of type 



(6) J = T, and thus the tropical curve counts of Item[2]are equal to their corre¬ 
sponding classical GW invariants. Therefore, the period integrals compute 
a generating function encoding all classical GW invariants of the type given 
in Item [5] 
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1.2. Overview. Section [2] is a set of preliminary definitions. The reader is advised 
to pay close attention to TZk, a regrettably intricate bookkeeping structure with 
some unusual operations. 

In Section [3] we define the tropical objects necessary for our construction, which 
are purely combinatorial in nature. Our tropical curves are generalizations of those 
found in m and m, for they are designed to calculate genus zero invariants of 
type 

(rT i ,T^r i T2,...,r n T 2 )o, d - 

In m, Gross gives tropical methods to calculate invariants of type 

{%p v Ti, T 2 ,..., 72)0,d, 

while Markwig and Rau m use an intersection theory to give tropical versions of 

(T 0 fc ,T',^T 2 ,...,^T 2 )o, d . 

From a combinatorial perspective, the addition of a class in a descendent tropical 
invariant is reflected by an increment in the required valency of a vertex in its 
corresponding tropical curves. 

We will also make use of a modification of the concept of the tropical disk found 
in EH; these should be understood as fragments of tropical curves broken apart 
at a vertex. Instead of restricting to trivalent disks, we will allow higher valence 
vertices to occur at marked points. The valences are recorded using IZk 

We assemble our tropical objects into moduli spaces of predictable dimension 
and define certain counts of tropical curves as putative tropical descendent GW 
invariants. Their invariance and relation to classical GW theory is justified in later 
sections. 

In Section O we introduce the B-model moduli relevant to our problem. In lTj. 
the tropical LG potential is defined as a sum of monomials defined by trivalent disks 
passing through a selection of points in the plane, while the sum for our descendent 
potential runs over disks with higher valence vertices. 

The period integrals of m are adapted to this setting in Section E3 which is con¬ 
densed from (23]. The process involves a generalization of the scattering diagrams 
and broken lines of m, accommodating the presence of higher valence vertices. We 
show that our descendent LG potential satisfies certain wall-crossing rules, and use 
this to prove that the integrals do not depend on the choice of general points used 
to determine the potential. Furthermore, the period integrals extract a generating 
function whose coefficients are the descendent tropical invariants referenced above 
in Item [2] See Theorem 16.11 

Section [7] treats a number of formal manipulations of generating series of tropical 
and classical descendent GW invariants. We “normalize” the integrals to satisfy 
the requirements of Section 1 of [10] . allowing us to apply mirror symmetry. The 
generating function T trop defined by the integrals can then be related to a pullback 
1 of the J-function by identifying flat coordinates in the B-model moduli. See The- 
orem l8.3l These flat coordinates can be written in terms of classical GW invariants, 
yielding an expression for T tr0 p entirely in these terms. Finally, the axioms of GW 
theory are applied to show that 1 is equal to the classical counterpart T of T trop . 
This result confirms the classical relevance of the tropical descendent LG potential 
and the descendent GW invariants defined in Section [3] 
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1.3. Remarks. There are several natural directions for further study. Most im¬ 
mediately, it seems clear that a careful variation on the techniques above would 
compute tropical (and classical) GW invariants with arbitrary divisor insertions. 
It is less clear how one could modify the techniques to allow further descendent 
insertions of non-T 2 classes. In another vein, the techniques of this paper could be 
generalized to P” for n > 2. 

As in all approaches to tropical curve counting, the concept of multiplicity plays 
a central role here. Mikhalkin’s famous multiplicity [20], central to this paper, is 
now well understood even in higher dimensions }22j . In contrast, some of the other 
multiplicities encountered here and in [TO] are still mysterious, but may help to 
build stronger connections between the tropical and classical world. In particular, 
they should be seen as manifestations of a potential log-geometric construction for 
P 2 analogous to that worked out for P 1 in [5], linking the appropriate classical and 
tropical moduli spaces of curves. 

The arguments of Section [G] feature wall crossing structures and scattering di¬ 
agrams, generalizations of those found in TU] - It seems clear that there should 
be many other similar enhancements, and a system for classifying these may help 
to uncover some sort of limiting enumerative scattering structure. Related frame¬ 
works have now been explored in depth in a mm and elsewhere; it would be 
interesting to explore the relationship of these works to this paper. 

The change of coordinates given by the mirror map induces a substitution that 
recovers a larger sector of the big phase space than is usually explicitly encoded in 
Givental’s J-function. It may be possible to derive further relationships from the 
type of formalism used here. 

Finally, the combinatorial flavor of these results prompts one to seek a deeper ex¬ 
planation. It would be especially gratifying to reverse our reduction to the tropical 
setting and explain them from a classical standpoint. 

1.4. Acknowledgements. I would like to thank my Ph.D. advisor, Mark Gross, 
for his many helpful suggestions, reading of a draft of this paper, and support 
during my thesis work, from which some of this paper is drawn. Furthermore, the 
exposition and techniques herein are heavily indebted to El and especially E- 
Portions of this work were completed at the Fields Institute, University of Alberta, 
and KU Leuven which provided excellent working conditions. Thanks are also due 
to Angela Hicks and Emily Leven for their suggestions on the proof of Glaim IfOOl 

2. Preliminary definitions 

Set M := Z 2 , Mr := M<S>zR, N := Hom(M,Z), and (•, •) : NxM -A Z the usual 
pairing. Let E be the toric fan of Xy, := IP 2 in Mr. Explicitly, let m 0 := (—1, — 1 ), 
mi := (1,0), m 2 := (0,1) £ M, p; = {x £ Mg\x = ?’m, for some r > 0}, and 
crip := (m £ Mr|iti = am; + bm.j for some a, b > 0}. Then E is the set of rational 
convex cones in Mr given by 

£ = {{0}, po, Pi, P 2 , CT 0 ,1,0X2, cr 2 ,o}- 

We stratify E by dimension, defining E^l := {{0}}, EM := {p 0 ,pi,p 2 }, and E^l := 
{cr 0 ,i, <Ji, 2 i og,o}- There is a natural filtration 
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Denote by Ty the free abelian group generated by and C Ty its associated 
semigroup. For pi £ E^, denote by ti the corresponding generator in Ty. 

There is a natural map p taking an element in Ty to the corresponding linear 
combination of primitive generators in M. Define p : Ty —> M by 


U mj. 

Define 2 = U, and for z = «*** e Ty, let \z\ := 

We set k £ Z>o, which will serve as an “order of approximation” and allow 
us to avoid issues of infinity in our tropical structures. An ordered set of points 
A := {Q, Pi, Pz,... Pk} C Mr will be called an arrangement. For an arrangement 
A and Q' £ Mr, denote by A(Q') the arrangement formed by replacing Q £ A by 
Q'. We will often need a notion of generality, which depends on context. In this 
paper, generality will always (in a fairly obvious way) refer to conditions defined by 
the complements of finite sets of tropical curve-like objects. We leave it to readers 
to satisfy themselves with the details. For an arrangement A, define Si(A) to be 
the translation of Si centered at Q £ A. 

Let TZk := ntrlOY For a vector r = (n, V 2 , ■ ■ ■, rk) £ TZk, denote 

by the i-th entry and =ff(r) the number of non-zero entries of r. Furthermore, 
let r{i} indicate the position and r(i) = 7Y{i} the value of i-th non-zero entry 
in r for 1 < i < #(r). Define |r| := Ej=i r i = We occasionally 

need component-wise operations for r,s £ TZk' rs := (riSi, r 2 S 2 , • • ■ >DfeSfc) and 
r + s := (ri + si,r2 + S2, ■ ■ ■ ,rk + Sk )■ Let 0 £ TZk be the additive identity. We say 
r, s £ TZk are disjoint if rs = 0 and r < s if, for all 1 < * < k, n < s*. Furthermore, 
we say s dominates r (written r -< s) if r < s and 7 y > 0 if Si > 0 for all 1 < i < k. 
If r < s, we define s — r £ TZk by ( s — r)i = s, — r, if r, 7 ^ 0 and 0 otherwise. Set 
(hi) := ( hl^ ) p 01 - 1 < * < k, let e l denote the elementary vector with an i-th 
entry of 1 and 0 elsewhere. 

We will also need an index set containing three distinct types of elements: 

1 := {x,pi,p2,...,qi,q2,.--}- 

X will be used to label the three types of marked points we will encounter in our 
construction. 

The fundamental class, point mapping, divisor, and dilaton axioms of GW theory 
will be used frequently. For definitions, see [7] or mi. Section 2.1. 

We will denote by T* a positive generator of P 2l (P 2 ,Z). 


3. Tropical objects 

3.1. Definitions. We give a slight variation on the definitions given in [10] . as 
later considerations will require more structure. A metric graph is a topological 
realization of a graph with possible non-compact edges, and a coordinate function 
(homeomorphism onto its image) Ie '■ E R>o for each edge E, with Ie surjective 
when E is non-compact. We will call a finite (here referring to the number of edges 
and vertices), connected genus-0 metric graph a frame. For a frame T, let rM be 
the set of edges, rl)j the set of non-compact edges, F^l the set of vertices, and F- 0 I 
the set of i -valent vertices. 
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3.1.1. Curves. Let T be a frame for which = T^ = 0. Assign a weight function 

w : rW —> Z>o such that C {0,1} and w -1 (0) C Too, defining a weighted 

frame (r,w). A marking will be a bijection marks from a subset H C I of the 
form {x,pi, ...p n ,qi,..-, q m } or {pi, ...p n ,q lt ... ,q m } to w _1 (0). We will write 
marks(t) G r[^ as E t for t G H. The data (T, w, marks, H) constitutes a marked, 
weighted frame. We will suppress the dependence on the map marks , simply writing 
(T,w, {x,n,m}) when H = {x,pi,.. .p n ,qi, ■ ■ ■ ,q m } and (r,ic, {n,m}) when H = 

{pi,...p n ,qi,---,q m }- 

A parametrized tropical curve (T,w,h,{x,n,m\) is a marked, weighted frame 
(T, w, {a;, n, m}) and a continuous map h : T —»• Mr, smooth on the interior of each 
edge of weight greater than 0, satisfying: 

• At any point on the interior of a given edge E, h*(d x ) = w(E)ve, where x 
is the coordinate given by Ie and ve is a primitive vector in M. 

• (Balancing condition) Let V G L^l, and E\,... Ej be the edges adjacent to 
V. Let mu, = ±v/j. G M be a primitive vector pointing away from h(V) 
along the direction of h(Ei). Then 

m 

^2w(Ei) m Ei = 0. 
i =1 

A tropical curve is an equivalence class of parametrized tropical curves where 
C = (T,w,h, {x,n,m}) is equivalent to C = (T', w', h', {x', n', m'}) if there exists 
an isometry <f> : T —> T' respecting the marking and weight data, smooth on the 
interior of each edge, and with </>o h! = h. A tropical curve C = [(T, w, h, {x, n, m})] 
is in X-e if, for each unmarked E G r«j, h(E) is a translation of some p,; G In 
this case we can define its degree as 

A (C) := diti e T s 
Pi e si 1 ! 

where di is the number of unbounded edges of T that are mapped to translations 
of pi by h. 

The combinatorial type of a tropical curve C = [(T, w, h, (x, n , m})] is defined as 
the homeomorpliism class of T, the markings, weights, and the data mg for each 
edge E. Note that the combinatorial type and metric structure of the underlying 
frame determine the image of a tropical curve up to translation in Mr. 

3.1.2. Disks. Our strategy for counting these curves involves a similar object, the 
tropical disk (modified from the definition in |TTJ). A tropical disk (or simply disk) 
V = [(T, iv, h, { n , m})] is defined by the same collection of data as a tropical curve, 
where the underlying frame T has precisely one univalent vertex, V ou t ■ The (unique) 
edge of T attached to V out will be called E out . We do not impose the balancing 
condition at V ou t, but do at every other vertex. Note that iGl will not be used 
to mark any edge. As previously mentioned, disks should be thought of as pieces 
of tropical curves that have been broken apart at a vertex; the point of attachment 
becomes V ou t- 

Define m(V) := w{E out )m prim (V) = -p(A(V)) G Mr, where m prim {V) is a 
primitive vector tangent to h(E out ) pointing away from h(V ou t). The formalism we 
introduced to treat tropical curves can be extended to disks. 


3.2. Collections. 
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3.2.1. Curves. 

Definition 3.1. Let A be an arrangement, A G T^, S C Mr, m, v G Z>o and 
r G 72.fc. Then we define Al^ lrve (^4, r, T™ tr , ip v S) to be the moduli space of tropical 
curves 

c = [(r, w, h , {x,pi,... ,p#( r ),q i, ■ • ■ q m })} 

in As, such that 

(1) h(E Pj ) = P r {j}- 

(2) If E x shares a vertex Vj with E pi for 1 < l < #(r), then 

Val(Vi) = 2 + r(l ) + p 

and the valence of the vertex V} attached to for j G {1,..., #(r)} \ {k} 
is given by 

Val(Vj) = 2 + r(j) 

(3) Otherwise, the valence of the vertex V x attached to E x is given by Val{V x ) = 
u + 3 and Val(Vj) =2 + r(j) for 1 < j < #(r). 

(4) h(E x ) G 5. 

(5) A(C) = A 

Lemma 3.2. Let r G 7 Zk, A G and A be a general arrangement. For 0 < 
l < 2 and p( A) = 0, A4 c £’ :ve (A,r,T™ tr ,il; 1 'Si) is a polyhedral complex of dimension 
| A| + m — v — |r| + l — 2. By the generality of the points Pi G A, the same result 
holds if we replace Si with Si (A). 

Proof. This follows from the argument of Lemma 5.11 in [11] , changing the number 
of bounded edges to be | A| + m + #(r) + 1 — (3 + v + J2f=i [ r ti) ~ !])■ □ 

3.2.2. Disks. 

Definition 3.3. Let A be an arrangement, m G Z>o and r G TZk- Then we define 
Disk(A , r, T 0 m tr ) to be the set of tropical disks 

P = [(I\ w, h, {px,... ,p#( r ), Qi, ■ ■ ■ Qm})} 

(note that we do not mark disks with x G X) in Xy, , such that 

(1) h(E Pj ) = P r {j}- 

(2) The valence of each vertex V is: 

• 1 if V = V out 

• 3 if V ^ V ou t is not attached to E Pi for any pi 

• 2 + r(j) if V V out is attached to pj 

Definition 3.4. Define RootDisk(A,r,T™ tr ) C Disk(A,r,T™ tr ) to be the subset 
of disks with h{V out ) = Q. We define Disk(A , T™ tr .) to be the union over all r G TZk 
of the sets Disk(A,r,T™ tr ), with related subset RootDisk(A,T™ tr ). 

Definition 3.5. Let V = [(T, w, h, {p\,... ,p#( r ),q i, • ■ ■ <Zm})] be a tropical disk in 
Disk(A,r,T™ tr ). Define the flexibility of V as 

F(V) := |A(D)| + m- |r|. 

Lemma 3.6. If A is a general arrangement, the set of disks V in RootDisk(A,T™ tr ) 
with F(T >) = n is an n — 1 dimensional polyhedral complex. The set of such disks 
in Disk(A, T™ tr ) is an n + 1 dimensional polyhedral complex. 
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Proof. This follows from the argument of Lemma 5.6 in mi, replacing the idea of 
Maslov index with flexibility and adjusting the number of bounded edges as above. 

□ 

Definition 3.7. Let T> be a tropical disk in Disk{A , r, To\ r ). We say T> is semirigid 
if F(V) = 1 and rigid if F(T>) = 0. Note, as one degenerate example, the single 
semirigid disk V G RootDisk(A,0,TQ tr ). 

4. Multiplicity 

4.1. Disks. We will have slightly different definitions of multiplicity for semirigid 
and rigid disks, closely related to the famous multiplicity due to Mikhalkin 201 . 
Our approach was inspired by the methods of [Ill- 

Definition 4.1. Let A be a general arrangement and T> a semirigid tropical disk 
in RootDisk^A.r.T^f). Then V can be considered as a point on the interior of 
a moduli space A iv of tropical disks in of the same combinatorial type with 
h(V ou t) = Q , whose coordinates are given by the lengths of the bounded edges 
E G T. Define ev{V) : Mv —> Mjf ^ by 

ev(h) = (/i(pi),..., /i(p #(r) )) • 

For each vertex V G V r , define n,(E) to be the number of unbounded rays radiating 
from V in the direction m.;. Define 

lab{V) . n 0 {V)\ni(V)\n 2 {V)\ 

and 

Mult(h ) := \det(ev)\lab(V), 

where det(eu) is the determinant of the linear part of ev and we set |det(ep)| := 1 

if |#MI = o. 

Definition 4.2. Let T> be a rigid tropical disk in Disk(A,r,TQ\ r ), with ff(r) 
necessarily greater than 1. We modify the definition above by placing T> into a 
moduli space A4D rigid of tropical disks sharing the same combinatorial type, length 
of E out , and image h(E Pl ) G Mr. The lengths of the rest of the bounded edges give 
a set of coordinates. We define ev'(V) : Mv Tigid —> Mjf^ -1 by 

ev'(h) = ( h{p 2 ), • • •, /i(p #(r .))) . 

As before 

Mult{V) := |det(ei/)| lab(T>), 

where det(en') is the determinant of the linear part of ev’ we set |det(ei/)| := 1 

if l#0)l = 1- 

4.2. Curves. 

Definition 4.3. Let S C Mr and 

C = [(T,w,h, {x,pi,...,p #(r) ,gi,...,g m })] G M c £ Ive (A,r,T^ tr ,if'' S). 

Denote by Ti,..., T.^ the closures of each of the connected components of T \ E x , 
with hi being the restriction of h to Tj. 

Each disk T>i defined by T, and hi is viewed as being marked by those points 
p G {pi,... ,p#( r )} and q G { q ±,..., q m } whose corresponding edges belong to T^. 
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That is, Vi £ Disk(A,s l ,T^ l t ' r ) where rm counts the number of marked points qj 
in Tj and r l £ TZk is the vector of values of r corresponding to the marked points 
Pj in IV Note that the JT rrii = m, r° £ TZk are pairwise disjoint and r 3 = r. 
Denote by 

Dec(C) := {V x ,... ,V W } 

the decomposition of C, define Dec{C) C Dec(C) to be the subset of disks that do 
not consist of a single marked edge, and simpDec(C) C Dec{C) to be the subset of 
disks consisting of a single unmarked, unbounded edge. 

The following lemma spells out the structural relationship between curves and 
disks. 


Lemma 4.4. Let S C Mr be a subset. Let 

C = [(T,w,h,{x,p 1 ,...,p #{r) ,qi,...q m })] £ M c £ Ive (A,r,T™ r ,ip ,/ S). 

(1) If S = Mr and |r| = | A| — v + m, then either: 

(a) E x does not share a vertex with any E Pi . In this case, all but two of 
the disks V £ Dec(C) are semirigid, and the remaining two are rigid. 

(b) E x shares a vertex with E p .. In this case, Vi £ Dec(C) is semirigid 
for all choices of i. 

(2) If S = C, a general translation of Si, and |r| = |A| — u + m — 1, then all 
but one of the disks V £ Dec(C) are semirigid, and the remaining one is 
rigid. 

(3) If S = Q', a general point in Mr, and |r| = |A| — v + m — 2, all disks 
V £ Dec{C) are semirigid. 

Proof. This follows from the argument of Lemma 5.12 in m, adjusting the dimen¬ 
sional requirements as dictated by Lemma 13.21 □ 


The following, rather mysterious, multiplicities are taken from m and are nec¬ 
essary for defining our descendent tropical invariants. Let C be a tropical curve, 
with vertex V x attached to E x . Define: 


Mult°(C) 

Multl^C) 

Mult^ (C) 


1 

m(V x )\niiy x )\n2{V x )\ 

E no{V x ) 1 v _ '' ni (V’ a; ) 1 1 

j=i j ' 2-^j=i j 2-^j—i j 

no(V x )\ni(V x )\n 2 {y x )\ 

(Tr^ni(V x ) ,l\ 2 , v^2 \r^ni(V x ) 1 

0 2-^j= 1 j J ' 2.^ 1=0 2^j=l "j? 

2n 0 (V x )\ni(V x )\n 2 (V x )\ 


Definition 4.5. Fix a general arrangement A = {Q,P\,... ,Pk}. Let r £ TZk , 
n = #(r), and ai := r(i) — 1. Recall the definition z = to + ti + t 2 £ Is. We now 
define tropical curve counts that we will call descendent tropical invariants, though 
they are not a priori invariant or related to classical GW theory. These properties 
will be shown in later sections. 

(1) When M — 2 — v + m— |?'| = 0, we define 

(^PrW r n Pr{n},TS: tr , V S 0 {A))^ 
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to be 

y^ Muit(c) 

C 

where the sum is over all C 6 M < ^ cve (A,r,T™ ir ,ip 1 ' So (A)) with 
Mult{C) := Mult x (C) Mult(T>i). 

Vi£Dec(C) 

(2) When 3d — 1 — p + m — |r| = 0, we define 

■ ■ • ,f'‘P r{n} ,T 0 ™ r ,fft(d)) t 0 7 

to be 

Mult{C ) 
c 

where the sum is over all marked tropical rational curves satisfying one of 
the following conditions: 

(a) v > 0, 

CGM^(A,r,T^ tr ,rSi(A)), 

and no T> £ simpDec(C) maps into the connected component of Si(^4)\ 
{Q} containing h(E x ). By Lemma 14.41 there is precisely one rigid 
V £ Dec{C). Suppose that the connected component of Si (A) \ {Q} 
is Q + I>om,. Then we define: 


Mult(C) := |m(2?) A m,;|MuP°(C) Mult(V). 

V£Dec(C) 


(b) v > 1 and 


C e M c r e (A^T™ r ,r~ l S 0 (A)) 

In this case, 

Mult(C ) := Mult x (C) Mult(V) 

V£Dec(C) 


(3) When 3d — v + m — |r| = 0, we define 

<lTP r{1} , . . . , r n Pr{n},T 0 m tr , rSz{A )%7 

to be 

y Muit(c) 
c 

where the sum is over all marked tropical curves C satisfying one of the 
following conditions: 

(a) v > 0, 

C € M c c g ve (A,r,T™ tr ,rS2(A)) 

and Pa, does not share a vertex with any of the E p d s. Furthermore, no 
V £ simpDec(C) maps into the connected component of Mr \ S 2 (A) 
containing h(E x ). By Lemma [4.41 there are precisely two rigid disks 
in Dec(C ), which we call D t and V 2 . Then 


Mult{C) := \m(T>i) /\m{T> 2 )\Mult° x {C) Mult(V). 

V£Dec{C) 
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(b) V > 0, 

C&M%™(A,r,Tft r ,rS2(A)) 

and E x shares a vertex with E Pi . Suppose l elements of simpDec(C) 
map into the connected component of Mr\L containing h(E x ). Then 
we define: 


Mult(C) := ( ai + V l \Mult 0 x (C) MultiV). 

' V ' V&Dec(C) 

(c) v > 1 and 

C € M^iA^T^r-'SM)) 

Furthermore, no T> £ simpDec(C) maps into the connected component 
of Si (A) \ {Q} containing h(E x ). By Lemma ITT! there is precisely 
one rigid T> £ Dec(C). Suppose that the connected component of 
Si(A) \ {Q} is Q + Isom,-, Then we define: 


Mult(C) := \m(f>) Ami\Mult x (C) Mult(V). 

V£Dec(C) 


(d) v > 2 and 


C £ M c JT e (A,r,T^ tr ,r- 2 S 0 (A)) 

In this case, 

Mult(C) := Mult x (C) Mult(V). 

V£Dec(C) 

If 3d — v + m — |r|+*^2 (we will call this incompatible dimension), we define 

{r i Pr{l}, . . .,r n Pr{n},T™ r ,rSM))Vd ■■= 0 

Definition 4.6. For a £ E, define 

^ 01 P r{1} , . . . , r n Pr{u}, Tftr, rS,{A))Z P 

to be the contribution to (i/j ai P r {i}, ■ ■ ■ , i/P"P r { n }, T™ tr , ^Si^A)) 1 ^^ from curves 
with h(E x ) mapping to the interior of Q + a. 

We make a simple observation regarding these curve counts. 


Lemma 4.7. The descendent tropical invariants described above satisfy a tropical 
fundamental class axiom: 


trop 


(r'Prw, • ■r-p,M, T^ tr , rsM))r d 


= ^<V> Ql P r{1} , • • . ,^- 1 P rb} , . . .,r~Pr{n},T™-\rSi(A))l 
j=1 

+ ty ai P r{ 1 }, . . • , r n P r{ n},T™~\r-'SiiA))*?, 


trop 

d 


where the above counts are taken to be zero if any of the exponents on if are negative. 
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Proof. This is immediate if any (and thus all) of the counts appearing are of incom¬ 
patible dimension. Otherwise, this can be seen by removing the edge E qm from each 
of the curves contributing to the invariant on the left hand side, thereby generating 
curves contributing to invariants appearing on the right hand side. In most cases, 
the multiplicity remains unchanged, and so the LHS is easily described in terms 
of the RHS. In the curves appearing in part I3bl of the above definition, equality of 
contributions follows from the familiar identity 



Figure 4.1. Two tropical curves. The dotted lines indicate un¬ 
bounded edges of weight zero. By Definition I4.5ll3bl the curve 
on the left contributes ( 3 ) to (ip 3 Pi, P 2 , T^ tr , ip 2 M^) t yf p , while the 
curve on the right contributes ( 2 ) to (ip 2 Pi, P 2 ,T^ tr ,ip 2 Ms) t y° p 
and (f) to (ip 3 P 1 ,P 2 ,T^ trop ,ip 1 M WL y o r ° p . 

5. Tropical B-model 

5.1. Tropical Landau-Ginzburg potential. Let A be a general arrangement. 
We give a framework, generalized from that appearing in jlOj . yielding a more 
refined Landau-Ginzburg potential whose integral recovers tropical versions of a 
broader class of GW invariants. 

Definition 5.1. To Pi £ A associate the variables Uij in the ring: 

e> . 

tCfc .= - - - 

with j £ Z>q and i £ Z>o, where / is the ideal generated by the set 
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Let to £ Z>o and define 

■= Rklyod/iy^o 1 )- 


For r £ TZk, define 


# 0 ) 

• | ^r{i},r(i)— 1* 

i=1 


Let 

k 

y2,j '■= Uij. 
i= 1 

Note that a € Vik./m. can be uniquely represented as 


E 


^r,m^r2/o,0 


0<ra<ra 

refck 


with a rim £ C, where we abuse notation by writing u r y r Q n 0 to denote its equivalence 
class in 


Definition 5.2. Let I? be a tropical disk in Disk(A, r, Xjj"^). Define ux> := u r and 

,,x> ._ yo,o 
y 0,0 * w\ * 

Definition 5.3. Let V be a rigid or semirigid disk. Then 

MonolV) := Mult(T>)u-DZ A ^yf tQ G C[Te] ®c k,m 
where z A( ' V ' > £ C[Xs] is the monomial associated to A(2?) £ Ts- We will write 

rp . — y ti Gr . v nQtQ-\-n\t\-\-ri2t2 — rr n o «.ni n 2 
0^2 — ^ 7 Oo /v — q ct/^ «^2 • 


Definition 5.4. We define the (k, to) descendent Landau Ginzburg potential as¬ 
sociated to A as 

W k , w (A) := Mono{V) 

v 

where the sum is over all semirigid disks in RootDisk(A, r, T™ tr ) for any r £ TZk 
and to < to. 


Definition 5.5. 

W b asic{A) ■= X 0 + X\ + X 2 

5.2. B-model moduli. Here we review the construction given in [lOj. Recall the 
map p : —»• M given by p(U) = m,. As p is surjective (a consequence of 

non-singularity), we have the following exact sequence: 

0 —>• A's -a T e 4 M -A 0 

with AT £ the kernel of p. Dualizing over Z gives 

0 —> Hom(M, Z) —> Hom z (T s , Z) —> PicX E —>• 0 

Tensoring with C x gives the sequence 


0 -> Hom(M,Z) ®C X -> Hom(T s ,C x ) A Pi c X s <g> C x -»■ 0 
defining k, which provides the family of mirrors to Xs- Set 
X := Hom(T s ,C x ) = SpecC[T s ]. 
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The Kdhler moduli space of Xy is defined to be 

M.y ;= PicXy 0> C x = SpecC[As], 

In our case, Ky — Z. Note that re, by definition, is now a map: 

re : SpecCps] —> My 

A fiber of re over a closed point of My is isomorphic to SpecC[M]. Define the 
(fc,m)-order thickening of the Kahler moduli space by 

Mk ■= My x SpecfHfc.m 


and likewise 


:= Xy x 1Rk,m- 


This yields a family 


K ■ %Y,k ~> MY,k 

By construction, Wk,m(A) is a regular function on Xy,1c, and should be considered 
as a family of Landau-Ginzburg potentials. 


6. Integrals 

In this section, we will give the main result of [231 and a summary of the methods 
used in its proof. Elements of the argument which can be easily generalized from 
those found in m are given with a reference to the relevant result, while subtler 
points are presented in more detail. Define 

:= ^ P W U W ^ V 

1<V+1 ,w<k 

as a formal expression for insertion into tropical invariants, to be expanded linearly. 
For example, 


('ya,tr,S 2 (A)) t 0 r ° p := 

1<7+I,i<fc 

Theorem 6.1. A choice of a general arrangement A gives rise to a function 
Wk t o{A) £ Cps] 0c and hence a family of Landau-Ginzburg potentials on 

the family Xy,k —> My,u with a relative nowhere-vanishing two-form LI. This data 
gives rise to a local system 1Z on My,u 0 Spec C[h, h _1 ], whose fiber over (re, h) 
is ((At,fc)«, Re(Wbasic(A) / h) -C 0). Letting yip ■= log(re), there exists a multi 
valued basis Ho,Hi,H 2 of 1Z satisfying the requirements of Section 1 of ra such 
that 



e w k , 0 (A)/h n 


2 

h- 3a Y( ah ) j eV1 ' oa e i 

3=0 


where we have identified a fiber of TZX with C[a]/(a 3 ), with a 1 dual to Ej. 


Then 
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0 =1 , h_^_,So{A ) \tro Pyi ' 0 d 

0 ' + 2^ nn\ n _ J, ’ 7a,tr/0,d e 


w ! ' H — xp' 

0, . _ V - ( S 1 ^ \trop y lt od 

Ul ‘ ^ w! [ h-xp ,la ’ tr)o ’ d 


d>0,u>>0 


d>0,ii;>0 

k 


e 2 : = h-"£ y2 ,,(-P + E 

j=0 d>0,u>>0 

Furthermore, the result does not depend on the choice of A. 


tr °P e Vl,od 

o,d e 


Proof. See [23] and below. □ 

6.1. Scattering diagrams. The first step in the proof of Theorem 16.II is to con¬ 
struct a set of structures that govern the combinatorics of the potential Wk,o{A). 
These methods are part of a larger theory developed by Kontsevich, Soibelman, 
Gross, Siebert, and a number of collaborators; although it will not be apparent 
here, there are deep and unexpected links to other areas of mathematics (see [14)1. 
The incarnation we use is particularly simple. 

One can form an object T called a tropical tree from a rigid tropical disk 
V = [(r,w, h, {pi 1 ...,p # ^,q 1 ,...q m })] in Disk(A,r,T^ tr ) by deleting the ver¬ 
tex V ou t from the underlying frame (thereby creating a non-compact edge E ou t 
with w(E out ) £ 21>o) and modifying h by extending the image of E out to be an 
unbounded ray in Mr. We denote by Tree(A,r,T™ tr ) the set of such trees de¬ 
rived from rigid disks in Disk(A,r,TQ l tr ). Note that the subset of rigid disks in 
Disk(A,r,Tfif tr ) has a natural fibration over a finite set Tree(A , r, Tf n tr ). We asso¬ 
ciate the same multiplicity Mult(T), monomial Mono(T), and flexibility F(T) = 0 
to a tree as we do to any of its overlying disks. There is a finite set of trees associated 
to a general arrangement: 

£(^)k,TB= U Tree{A,r,Tpp tr ). 

w<Sfn 

If one represents the set T \A)k,m in Mr by drawing the outgoing edge corresponding 
to each rigid tree, a striking pattern emerges. The points at which these outgoing 
edges intersect have rays sprouting from them, as rigid trees can be glued at such a 
point to form a “child” tree. The weight and direction of the outgoing edge of the 
child is, by the balancing condition, determined by the weights and directions of 
its parents’ outgoing edges. Similarly, the multiplicity and monomial of the child 
tree are simply determined by those of its parents. This “scattering” at points of 
intersection gives our tool its name. We hereafter specialize to the case of m = 0, 
which was addressed in [23], although it is largely straightforward to generalize to 
rh > 0. 

Definition 6.2. The following definition is from [ TO] . 

(1) A ray or line is a pair (D, / 0 ) such that 
• DC Mr is given by 

D = m init - R>o p{m 0 ) 
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if 0 is a ray and 

0 = m init - Rp{m 0 ) 

if 0 is a line, where m i n n £ Mr with mo £ Is satisfying 
-m D := p(mo ) ± 0. 

The set 0 is the support of the ray or line. If 0 is a ray, then m.i n it is 
called the initial point and is denoted InitfO). 

• h £ C [z m °] Xk,rn 

• /o = 1 mod {{uij}ij)z mo 

(2) A scattering digram S is a finite collection of lines and rays. 

We will sometimes write w(d) := w(E out ) for walls 0 in S(A)fc j0 - 
If 2) is a scattering diagram, we write 

Supp(D) := [J 0 C Mr 
dgs 

and 

Sing(D) := |J 3D U (J 0 X n 0 2 

oe£> Oi,o 2 

dime) 1 nt>2= : 0 

where 90 = {/mt(0)} if 0 is a ray, and is empty if it is a line. 

Definition 6.3. We build our diagram 2>(A)fc,o from the outgoing edges of the 
trees in 1(A)k,o- The ray in T)(A)k,o corresponding to a tree T £ t X(A)k,o is of the 
form (0,/ o ), where 

• ^ = d{E ou f) 

• h = 1 + w(E out )Mult(T)z A ^ r ' l ur 

Definition 6.4. Given a scattering diagram 2) and smooth immersion £ : [0,1] —t 
Mr \ SinglfD) whose endpoints are not in Supp{ r D) 1 with £ intersecting Supp^iD) 
transversally, we can use this information to define a ring automorphism 6 ^ of 
lZk,o■ Find numbers 

0 < Si < S 2 < ... < s n < 1 

and elements 0^ such that £(sj) £ 0j, 0^ ^ Dj if i / j and n is taken to be as large as 
possible to account for all walls of 2) that are crossed by £. For each i £ {1,..., n}, 
define 0£ jE)i to be the automorphism with action 

A (~w\ _ „w f (n 0 ,p(w)) 

i(a) = a 

for w £ Ts, a £ 9lk,0i where no £ N is chosen to be primitive, annihilating the 
tangent space to 0j, and satisfying 

(n 0 ,£'(si)) < 0 

Then 0 := 0£,o n o • • ■ o 6^^ 1 , where composition is taken from right to left. 

The reproductive process associated to 2)(A)*, j0 gives rise to a useful property 
that distinguishes it from scattering diagrams encountered in other contexts m- 

Lemma 6.5. If P £ Sing{'S{A)k^) is a singular point with P £ A and £ p is a 
small loop around P, then 

0t P &(A) k , o = Id. 
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Proof. See [IT] . Proposition 5.28. 


□ 


These automorphisms have another nice property: membership in Vjy*,, a group 
of automorphisms of C[Ts] ®c7lk,o originally defined in [17! as a set of Hamiltonian 
symplectomorphisms (see HU, 5.4.2). Significantly for us, these automorphisms 
preserve the choice of Cl referenced in Theorem 16.11 and, when acting on W k p(A), 
leave the period integral unchanged. 

Lemma 6.6. Let a £ Vjy/c, (u>, h) £ A ■is,k x C x and suppose that f is in the ideal 
generated by ({wj,j}) in C[7s] <8>c R-k,o- Then, for any cycle 

5 £ H 2 {K^ 1 (w),Re(W bas ic/fi) < 0,C), 


we have 


L 


(Wha.,ir. + f) _ 

e h Cl = 


L 


0(W hn , ir + f) 

e h Cl. 


Proof. See HU Lemma 5.40. □ 

6.1.1. Broken lines. The technique of broken lines connects £T-,o(A) to the potential 
W k $(A). Every semirigid disk in RootDisk(A,TQ tr ) can be uniquely described as 
a central (infinitely long) stem onto which a number of rigid disks are grafted. At 
each point of grafting, the stem bends in a way dictated by the balancing condition. 
This is easily understood in terms of the scattering diagram, because the possible 
points at which any particular tree can be attached (as a rigid disk) to a stem 
are given by the wall it contributes to D(A) k}0 . Therefore, in order to understand 
semirigid disks contributing to W4,o(A), it is sufficient to analyze the behavior of 
these stems (broken lines) with respect to the scattering diagram. We use the 
following definition, adapted from [Si- 

Definition 6.7. A broken line with basepoint Q' £ Mr is a continuous proper 
piecewise linear map 

/3 : ( oo, 0] -> Mr 

with endpoint Q' = /3(0), along with some additional data. Let 

—oo = so < -si < •' • < s n = 0 

be the smallest set of real numbers such that /3|( Si _ llSi ) is linear. Then, for each 
1 < j < n, we are given the additional data of a monomial CiZ w * £ C[Ts] <g>c 9Wo 
with wf £ TV; \ /\£, satisfying: 

(1) For each i, p(w f) = —/ 3'(s ) for s £ (sj_i,Sj). 

(2) wf = ti for some 0 < i < 2 and Ci = 1. 

(3) (3{si) £ Supp(Ti(A) ki0 ) \ Sing(T>{A) kfi ) for 1 < i < n. 

f3 

(4) If P(si) £ 5i fl • • • fl then Cj+i z Wi + 1 is a term in 

(0/3,Di 0---0 Op,T, n ){CiZ w *) 
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More explicitly, suppose that fx >j = 1 + Cj Sj z w ° j , 1 < j < n, with c%. = 0, 
and n G TV is primitive, orthogonal to all of the Dj’s, and chosen so that 

n 

(0/9, Bl ° • O0 J 8, Bl )(CiX) = CjW 

3 = 1 
n 

= CiZ W i JJ(1 + (n,p(wf))c a ^ mi, i). 

i=i 

Then we must have 

Ci+iz w *+i = JJ (n, p(w? )}co J z m *J 

jeJ 

for some J C {1,... , n}. We interpret this as /? being bent at time s, by 
0 } for j G J. 

Proposition 6.8. If A is a general arrangement, there is a one-to-one correspon¬ 
dence between broken lines with endpoint Q and semirigid disks in RootDisk(A , T® tr ) 
In addition, if fi is a broken line corresponding to a disk T>, and cz w is the monomial 
associated to the last segment of /3, then 

cz w = Mono[V) 

Proof. See Proposition 5.32 of |TT] . □ 

6.2. Wall crossing and evaluation of integrals. To evaluate the integral ap¬ 
pearing in Theorem 16.11 we must first show that changing the arrangement A 
transforms Wk,o(A) by the action of an element of Vs,hi and will thus leave the 
integral unchanged. We examine the effect on the integral by replacing A by A(Q') 
while moving Q' out to infinity in a particular direction, noting then that the con¬ 
tribution to the integral from terms with certain monomials vanishes. We can then 
understand the contribution of these monomials to the integral associated to A 
by considering the wall crossing automorphisms we encounter as we move Q' back 
to Q. These automorphisms, and thus the period integrals, can be interpreted in 
terms of tropical curves. Using this technique, Theorem 16.11 was proven by Gross 
in the non-descendent case (in our notation, r = (r i,... ,r n ) with r/ < 1) in Hi. 
The same techniques are modified to treat the descendent case (arbitrary ?y) in 
1231 . This modification is straightforward in most cases, as the relevant scattering 
diagrams have identical structure away from the points in the arrangement A. 


6.3. Wall crossing. 

Lemma 6.9. Let Q' G Mr be very near Pi and let T>j G RootDisk(A(Q'), r J , Tf tr ) 
for 1 < j < n be semirigid disks such that the vectors r J are pairwise disjoint and 
e r? = 0 for all j . If 1 m (Dj) ^ 0, then the disks T>j can be joined at Pi to 
give a rigid tree T G Tree{A,r,T^ tr ) with outgoing edge m (T>j), where 

r := ne l +2j=i r 3 • Let Mi C {Vj} be the set of our original disks which are simply 
outgoing edges in the direction m;. Then 

^k.n —1 


Mult(T) = 


|Af 0 |!|Afi|!|Af 2 


]~] MultfVi) 


ie{l,...,n} 


Proof. It is easy to see that the resulting tree is rigid. The rest follows from linear 
algebra. □ 
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Lemma 6.10. Let T £ Tree(A, r, Tff tr ) with ri = n + 1. Then, by splitting T a£ 
t/ie vertex V mapping to Pi, we can form n semirigid tropical disks rooted at some 
Q' £ Mr, chosen near Pi. 

Proof. Call the n tropical disks formed by the above procedure T>±,... ,T> n , with 
Vj £ RootDisk{A{Q'),r^ ,Tq tr ). Each F(fDj) < 1 as T is rigid. Note F(T) = 
|A(T)| - M = 0, |r| = v + ZU Ir-'l and |A(T)| = Ej=i |A(^)|, so 

n 

Y J FiV j )=n. 

i=i 

Thus F(Vj) = 1 for all j £ {1,..., n}. □ 

Theorem 6.11. If A(Q) and A(Q') are two general arrangements and £ is a path 
connecting Q and Q' for which 6kx>(A) fe 0 defined, 

e $ , v{A)ktO (W k>0 (A(Q))) = Wkfi{A(Q')). 

Proof. This theorem, except for one case, follows from a slight modification of the 
argument found in mi, Theorem 5.35. The strategy is to analyze the behavior 
of so-called degenerate broken lines. These occur as the limits of deformations of 
ordinary broken lines; as one deforms the base point, two bends can can converge to 
a single point on the broken line, or one of the bends can approach a singular point 
of the scattering diagram. See Definition 5.34 of m for a formal definition. One 
subdivides the plane by a set of walls composed of those from ® 0 ,fc(4l) in addition 
to those formed by such degenerate broken lines; the change in W kj o (A(£(s))) as 
£(s) crosses one of these walls will be seen to be generated by an automorphism 
of C[Xe] y\ k ,o- This automorphism can be understood as a type of mutation 
process on the broken lines with endpoint £(s). The only case which requires an 
argument significantly different from that appearing in m is an analysis of the 
autormorphisms induced by degenerate broken lines which bend at some Pi £ A. 

For Q £ Mr, denote by 23(Q) the set of broken lines in T)(A)k,o with endpoint 
Q. Suppose £(s 0 ) is in some wall L to which £ is transverse, and for small e > 0, let 
Q i := £(so — e) and Q 2 := £(so + e). Let n £ N be a primitive vector annihilating 
the tangent space to L at £(so) and taking a smaller value on Q 1 than Q 2 . We 
decompose *8(Qj) into < B + (Q,), *8 °(Qi), and where the membership of 

0 £ 93 (Qi) is determined the sign of (@*(— 9/<9s| s=So ), n). 

These decompositions allows us to write 

W k ,o(A(Q t )) = W- 0 (A(Q t )) + W^ 0 (Am) + W+ 0 (A(Qi)). 

Following the techniques in mi, one can show 

= W± 0 (A(Q 2 )), 

where £' is the segment of £ joining Q 1 to Q 2 - 

For the remaining case, we will partition iB(Qi) 0 = Uj=i and show that for 
each j £ { 1 ,..., l}, 93] and 93| make equal contributions to W k ,o{Q 1 ) and W k fi(Q 2 ) 
respectively. We will assume that a broken line with endpoint £(so) passes through 
at most one singular point. The general case follows by an induction argument. 

Suppose 0i £ 93(Qi)° deforms continuously to 0 2 £ 93(<52)°- In this case, each 
0 i will appear in a one element set, say 93*, and each 93* will make the same 
contribution to W ktn (Qi). 
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If /3 £ Q5(Qi)° cannot be continuously deformed to an element of S(Q 2 )°, then 
it must deform to a degenerate broken line when the base point reaches £(so). In 
other words, there is a map B : (— oo,0] x [0, so] —> Mr such that -E>|(_oo,o]x[o,so) 
is a continuous deformation of /3 and -B|(-ao,o]x{s 0 } := P' is a degenerate broken 
line bending at P £ Sing(‘D(A)k,o ) at time s'. There are two cases to examine: 
P £ {Pi,... ,Pk} and P {Pi,... ,Pk}. We explain the former, which requires a 
more sophisticated argument than that appearing in loc. cit. 

Suppose P = Pi and select Q very near Pi. We know that {5 bends along 
exactly one ray Do emanating from Pi whose attached function has a monomial 
containing ui tW . By construction, ho is produced by a rigid tropical tree, which, 
by Lemma 16.101 is constructed from w + 1 semirigid descendent tropical disks with 
endpoint Q , which we will call V i,..., V w +i, with Dj £ RootDisk{A{Q),r^,T^ tr ). 
Also note that -B|(_oo,s']x{s 0 } is a broken line ending at Pi, corresponding to a 
semirigid disk V a £ RootDisk(A(Q),r°,T$ tr ). The vectors are disjoint for all 
0 < j < w + 1 . We can expect to form something like a rigid tropical tree Tj for 
each 0 < j < w + 1 by joining all of the Vi except for Vj at Pi and extending an 
unbounded outgoing edge dj as dictated by the balancing condition. See Figure 1(01 
We may happen to have Yhi^j m (A) = 0 and the result will not strictly qualify as 
a rigid descendent tropical tree, but these exceptional cases won’t be problematic. 
Let Mj C {Z?q, .. ,V w+ i} be the subset of disks that are simply unbounded rays 
pointing in the direction m, from Pi. Each choice ofO<i<w+l where w(di) ^ 0 
gives rise to a broken line Bi bending at 0, constructed from the concatenation of 
the broken line defining Vj and -B|[ s ',o]x{s 0 }- We will show that the contributions to 
Wk,a(Qi) and Wfe ! o(Q 2 ) from associated broken lines are equal. Notice that the side 
of the wall that each Bi inhabits is dictated by the sign of A m(B|[ s / i0 ]x{so})i 
where m(.B|[ s / i0 ] x { So }) gives the direction vector for the outgoing piece of the broken 
line. Furthermore, m(B|[ a / |0 ] x {so}) is given by Y^j=o 

The monomial obtained from the bend of Bi at 0, is given by 


w(di)(ni,m(Vi))Mono(Vi)Mono(7l) = 

w(di)(ni,m(Vi))Mono(Ti) 

|Mo \ {Vi}\\\Mi \ {A}|!|M 2 \ {Z>i}|! 


JQ Mono(V n ) 

n^i 


w(di){-ai,va{Vi))ui tW 

|M 0 \{2? i }|!|M 1 \{D i }|!|M 2 \{D i }|! 


Y[Mono(V n ), 


where £ N is orthogonal to 0,; and chosen so that 




w(0i)(n i ,m(T> i )) = | 


A m(Vi)\ 
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(as m 0i is given by YL n ±i m (V n ). 

The result then follows from some basic observations. First, 


' w-\-l 


A2 


w-\-l 




°= E m T. 7 ) = E m T,) A E m Tn) 


,i=0 


j=o 




UJ + l 


= E m T. 7 ) a ^ m(X>„) . 


i=o 




Let I := {n 6 {0,..., k + 1} | (En/i m (2?n)) A m (Vi)) < 0} under the identifi¬ 
cation of A 2 Mr with Z, with J° and J + defined analogously. Then 


0 = E “(Ti) A E m (®") + E m Tj) A E m( T n ) 

je/- / je/+ 

+ E m ( P i) A I E m ( P «) 

= E m Tj) A I E m ( i) ") I + E m Tj) a (E" 1 ^") 

jei~ \n^j ) je/+ 

A series of implications follows: 


jei~ 


E 

jei- 


Therefore 

( 6 . 1 ) 


(E ra W 

= E m T. ? ) A ( 

E m (T>„) j 

/ 

/ \ 

j£l+ 


/ \ 

[E m ( Pn )) 

= E 

m (T>j) A 

(E m Tn) ] 

\n& ) 

jei+ 




j'e/- je/+ 


E 

jei~ 

= E 

j£l+ 


w( 0 j)( n j, xa{Vi))ui^ 
|M 0 |!|M 1 |!|M 2 |! 

w(0j)( n j, m(T>. t ))u; |U , 
|M 0 |!|Afi|!|M 2 |! 


- Mono(T> n ) 

n 

■ JjMono(T>„). 


Equation 16.11 closely resembes our dseired result, as / + indexes disks related to 
broken lines contributing to one of Wkfi(A(Qi)) 7 Wkfi(A(Q 2 )) and I~ indexes 
those which contribute to the other. To conclude, note that at most one broken 
line is produced for each set Mj, so we can say that the contribution from each 
Bi (where T>i £ Mj) is just °f contribution from the unique broken line 
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produced by Mj. That is, the contribution from Bi £ Mj should be considered as 


_L_ w(Pi)(ni,m(Pi))ui tW _ 

\Mj\ \M 0 \ {D i }\\\M 1 \ {V 7 }\\\M 2 \ {V t }\\ 


Mono(D n ) 


w(d i )(n,,p(A(T) i ))u^ w 

|Af 0 |!|Mi|!|M 2 |! 


Mono(D„) 


Of course, if V, cj U jMj then the contribution is 


w(Di){ni,m(T>i))ui tW 

|M 0 \{© i }|!|M 1 \{D i }|!|M 2 \{2? i }|! 


JjMono(U n ) 


w(Q i )(n i ,m('D i ))ui }W 

|M 0 |!|M 1 |!|M 2 |! 


J Mono('D, ( ) 


Thus, 16.11 shows that the sum of the monomials generated by our set of broken 
lines on either side of the wall is equal. Deforming any of the Bi to degenerate at 
Pi will result in the same scenario, showing that broken lines degenerating at Pi 
(for a particular deformation of Q) can be partitioned into sets which give equal 
contributions to Wk,o{A(Q 1 )) and W kfi (A(Q 2 )). As 9^{A) k 0 (W£ 0 (A(Qi))) = 
KoMQi)), 9tMA )h , o ( W U A (Qi))) = Wl 0 (A(Q 2 )). ’ ’ □ 


Theorem 6.1. Let A and A 1 be two general arrangements. 

W k fi{A') = 6{W ki o{A)) 

for some 9 € Y-z,k- 

Proof. This follows from a relatively straightforward generalization of the tech¬ 
niques of m, Theorem 5.39. For details, see [23]. □ 

6.4. Evaluation of Integrals. The results of the previous subsection yield the 
following useful observation. 

Lemma 6.12. For 5 £ H 2 (k~ 1 (u) ,Re(Wb as ic/h) "C 0,C), the integral 

f ofO 

L e h n 

is independent of the choice of general arrangement A. 

The following gives us a numerical expression of the integrals. 


Lemma 6.13. Restricting to XoXiX 2 = k, we have 

2 ,. 2 

= h- 3o ‘K 0 ‘J2Mno,n 1 ,n 2 )a i 
2—0 2=0 
where a and Ei are as defined in Theorem \6.1\ and 

oo 

ipi(n 0 ,m,n 2 ) = y Dj(d, n 0 , n 1 ,n 2 )H~ < ' 3d ~ n °~ ni ~ n2 ' > ti d 

d—0 

where the terms Di are numerical quantities defined in m. Lemma 5.f3. For 
w = noto + n\t\ + n 2 t 2 £ TV;, we write Di(d,w) := Di(d,no,n\,n 2 ). 

Proof. See [TT] , Lemma 5.43. □ 
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'D 2 T> i V 2 £>o,£>i 



2?2 Po.Pi 2? 2 2? 0 ,2?! 


2^3 


2?4,0 3 2?5 04 I?5 




Figure 6.1. An example of the behavior encountered in the proof 
of Theorem l6.HI The first three broken lines sare on the right hand 
side of the wall, while the last three are on the left. 


Definition 6.14. Fix general an arrangement A. For Q' £ Mr, let Sk,o(Q') be the 
finite set of triples (c, v, w) with c £ fHfc,o, p > 0 an integer, and w £Ty, such that: 


e (W k ,o(A(Q'))-W baS ic(A(Q')))/h 


y; ch v z 

(c,v,w)eS k ,o(Q') 


with each term ch u z w of the form H n:=i Mono(2?i) for T>i ,..., 2A semirigid 
disks with endpoint Q'. 
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Then 

Lf{Q'):= J2 ch-^ d+v -^D i (d,w). 

(c,v,w)eS k , 0 (.Q') 

Lemma 6.15. 

2 2 

f e Wk ’° {A)/h = h~ 3 a K a E L tiQ)^ d ^ 

i =0 JSi i =0 d>0 

Proof. Follows from definitions. □ 


Definition 6.16. For each cone er £ £, a is the image under p of a proper face a 
of the cone C := (g> R. For d > 0, define Cd C C to be the cube 

f 2 

Cd = < y^nitj[0 <rii<d 

li=0 


and for tr S E 

&d := (d + Cd) \ U (d + Cd). 

tCgt,tEE 

where + denotes the Minkowski sum. 


Definition 6.17. For er £ £ and Q' £ Mr, define 

LiAQ')~ E cfi - ( 3d+I/— l"'l)Dj(d, w). 

(c,v,w)eS k ,o(Q'), w£&d 

Lemma 6.18. Lf(Q') = E^es L iAQ')- 

Proof. Follows immediately from definitions. □ 

Lemma 6.19. Let {0} / ueE, and v £ uj be non-zero. Then 

lim Lf (Q + sv) = 0. 

s—>• oo 

Proof. See El. Lemma 5.51. □ 

Definition 6.20. Let S) = ©(A)/-^. Let Ci and C 2 be connected components of 
Mr\S with dim(C 1 nC 2 ) = 1. Pick general points Qi in Cj, and let £ be a general 
path from Q 1 to Q 2 intersecting Supp(T>) exactly once at £(so), a nonsingular point 
of Supp(D). Let HeS contain £(so), and let n a be a primitive vector perpendicular 
to 5 pointing toward Q\. 

Suppose that / D = 1 + c 8 z ms . Select a, r £ £ with dim(r) = dim(a) + 1 and 
a C r. Note that there is a unique index j £ {0,1,2} such that nx, £ r but m_, ^ a. 
Call this index j(a,r). 

Define 

L i,v,Z, a ^T '■= E cc 0 (n 0 ,m j(ajT) )A(d,m + m D +t i(ctjT ))h _(l/+3d_ l m+mol) , 

(c,i/,ra) 

where we sum over all ( c,v,m ) in S^oCQi) satisfying m + m a £ dd but m + 
TO a + tj{a,T) £ Td. If (c, p, to) satisfies these condition, then we say that ch~ v z m 
contributes to Lf 0 ^ a _> T - 
Define 

r d , = V^rd 

■ LJ i^,a.—¥T ■ / ^ ►r 

J) 
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where 0 ranges over all rays of 2) containing £(so). In order to define this operation 
for a general path £, break it up into segments of the type outlined above. 

Lemma 6.21. Let be the straight path joining Q with Q + srxij for s 0. Let 
£j,j+ 1 be the loop based at Q which passes linearly from Q to Q + srrij, takes a large 
circular arc to Q + sm J+ i , and then proceeds linearly from Q + sm 3+ i to Q. Here 
we take j modulo 3, and fj,j +i is always a counterclockwise loop. Then 

2 2 

L d i(Q) = L d {0} (Q ) - E L Uj,{o }^ Pj ~ E ' 

j =o j=o 

Proof. See Lemma 5.54. of [TTJ. □ 

Definition 6.22. If C is a tropical curve contributing to 

define r c £ 77+ to be the corresponding vector and uc := u r c. 

Lemma 6.23. 

Pf,{0}(Q) = ^0,d<5o,i + 

i />i 

relZk 

\r \=3d— 2+i— v 

Proof. See Lemma 5.55 of [TT] . □ 


Lemma 6.24. 

-L' 


E (r^Prjl}, . . .^^-'Prmr^rSiWf^Urh -^ 2 -) 


i/>i— 1 
rS'R.fc 

|r|=3d—2+1—^ 


Proof. See Lemma 5.56 of [TT]. 


□ 


Lemma 6.25. For each point P £ SinglfD), let fp be a small counterclockwise loop 
around P, small enough so that it doesn’t go around any other point of Sing (ID). 
Then 

L d - \ 

l ’£j,j+i>Pi+i^ ycy j,3+i / > 

PESingiTiyntQ+a^j+i) 


t a 

+ ?P.Pj + l^-0-j,3 + l 


Proof. See Lemma 5.57 of |llj . 

Lemma 6.26. Let P £ SingfD ) fl (Q + &jj+ i), and suppose that 

P A. 

Then 

-4. +1 ^, = EE Mult(C)uch ^ +2 ^ 
u >0 c 

where the sum is over curves C contributing to 

(pW-'Prl 1}, • • • , r^^Prmr)}, V ^)CL +1 


□ 
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for r G 7 Zk with |r| = 3d — 2 + * — v and h(E x ) = P. 

Proof. See Lemma 5.58 of [11] . □ 

The following is the only place in the evaluation of the integral that requires a 
significant generalization of Gross’s techniques. 

Lemma 6.27. Let P G Sing{D) G (Q + <Jj,j+ i ), and suppose that P = Pi G A. 
Then 


— T a 

k 

= + 55 5Z Muit(c)u c h-^+ 2 -^ 

w=l is>0 C 

where the sum is over curves C contributing to 

0 f {l) - l Pr { l } , • • • , V’ r(#(r)) - 1 ^ {#W}) r Si(^))S i+1 

/or /or r G 7?.^ with |r| = 3d — 2 + * — p and h(E x ) = Pi. 


Proof. Here we assume i = 2, and write 

L p ,J ~~ -^2,5p,p 3+ i^CTj-, j+ i 

Choose a basepoint Q' near P;. As discussed in Lemmas 16.101 and 16.91 sets of 
a + 1 semirigid disks with endpoint Q' not bending near Pi correspond to rays in 2) 
based at Pi whose monomial contains iq ja . More precisely, sets of semirigid disks 
{V i,...,77 a+ i} not bending near Pi with endpoint Q’ , Mono(T>i) ^ 0, and 
]Tbp(A(X/)) ^ 0 are in one to one correspondence with rays in 2> with attached 
monomial containing iq i0 . Such sets are naturally recovered from exp^Wfe^-^Q 7 )) — 
Wbasic{A(Q'))\/h). Define Lpy, Q to be the sum of monomials in Lpj that include 
factor up a - 

To find terms from expQWfc^^QO) — Wb as ic(A(Q'))\/h) that will contribute 
to Lpj^ a upon crossing a wall that radiates from Pi, we should examine those not 
containing the factor up w for any w. We consider a term ch~ v z n of the form: 

V 

chr u z A = h~ v H Mult(V w )z A(T ’ w) U' D , 

W = 1 

where each of the disks V w G RootDisk(A{Q’) ,r T>w ,T§ tr ). As opposed to the case 
considered in US Lemma 5.59, we will have to consider the walls D resulting from 
trees containing semirigid disks corresponding to unbounded rays (translated copies 
of pi) emanating from Pp Write n = J2v =i A(2?„) = J2 v =o n vtv an d choose the 
primitive normal vectors n 0 to each ray 0 issuing from Pi such that they point in 
the direction opposite to when £p crosses d. 

The term ch~ 1 'z n can only contribute to Lpj ta when £p crosses rays whose 
corresponding tree contains exactly a + 1 semirigid disks joined at Pp The relevant 
rays can be enumerated as follows. Select {Dp,.. ,V ig } C {D\,...V v } and M v 
copies (here it’s convenient to consider M v as an integer rather than a set) of the disk 
composed of the ray parallel to p v for 0 < v < 2 such that s + M 0 + Mi + M 2 = a+1. 
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Set M = X)u=o M v t v £ T s . Let n := J2v=i A(2\) + M and p(h) := tu^rns, where 
mj is primitive. These choices will produce a ray 5 £ 33 with attached function 


S 

h = 1 + Wn J][ 

m =1 


Mono(V im )z M 


1 

M 0 !M i!M 2 !' 


Let c'h s ^z n ' :=h ^ Y\ D ^ T>1 x> v }\{'D i v, }Mono(T>). It is easy to see 

that the term c’h~^ u ~ s ^ z n will generate a contribution of ch~ u z n to Lpj |r upon 
crossing 0, and this contribution will occur exactly when n.j+ 2 + Mj +2 < d = 
rij + Mj < rij+i + Mj + \. For simplicity of exposition, we set j = 0 in what follows. 
The quantity of the contribution is then, by definition 


fo— {v—s+3d— |ft| — \M\) 

Wn(nv,m 0 )D 2 (d,n 0 + M 0 + 1, m + Mi, n 2 + M 2 ) - MolM^h ! -’ 

where D 2 is defined in Lemma 5.43. Noting that \M\ = a + 1 — s and recalling 
the isomorphism of /\ 2 M with Z, we see that the above becomes 


(p(n) A m 0 ) D 2 {d, no + M 0 + l,ni+Mi,n 2 + Mi) 


[y—a— l+3d— |n|) 

M 0 !Mi!M 2 ! 


Our goal is to now sum this contribution over all choices of s, {2\,... T>i s } C 
{V\,... V„}, Mq, Mi, and M 2 . These should exhaust the set of relevant rays 
emanating from Pi that crosses, and should thus calculate the total contribution. 
After a little rearrangement (see [23]), the sum becomes the following, where t := 
a + 1 — d + no'- 


( 6 . 2 ) 


fo-(v-a-l+3d-\n\) 

/ ^ 

5 = 0 M\+M2=t — S 


(d - n 0 )! 


(_ 1 )M 1 +n 1 +d+l( ni +Ml _ d _ ]_)[ 

Mi\M 2 \(d — n 2 - M 2 )\ 


(C-i) (n2_ni)+ 0 (M2 



In this sum, we are taking any terms involving factorials with negative arguments 
to be 0. 


Sublemma 6.28. Let d > 0, v,no,ni,n 2 ,a £ Z>o with n 2 ,no < d. Set t = 
a + 1 — d + no, \n\ = no + ni + n 2 . Then 

1 V V (-l) Ml +" 1 + d + 1 (ni +Mi -d- 1)! 

( d - «o)! ^ Mi\M 2 \(d - n 2 - M 2 )\ 

(C~i 1 ) (n2_ni)+ C) <M!_Mi) ) = 

1 Lv + 3d — |n| — 1 — {{d — n 0 ) + {d — m))\ 

(d-n 0 )!(d-7ii)!(d-n 2 )! V r - {{d - n 0 ) + (d - ni)) ) 


where all terms are taken to be 0 if they involve any factorials with negative argu¬ 
ments. 
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Proof. The left hand side of the statement can be rewritten: 


1 

(d - n 0 )\(d 


n 2 




E 

Mi+M 2 +s=t 


(_ 1 )M 1 +n 1 +d+l( ni +Ml -d- 1)! 

Mi! 


/d - n 2 \ 
\ M 2 )' 



(n 2 - ni) + 




There are two cases to distinguish: either ni > d + 1 or ni < d + 1. In the former, 
the sum (up to a sign that won’t end up mattering) in the statement should be the 
coefficient of x 1 in the expansion of: 


(x + l) d ~ n2 x(x + ly- 1 


(ni — d — 1)! 
{x + l) n ^ d 


(n 2 - nr) + 



(n\ — d — 1)! 
{x + l)™i- d 


{x + i) d ~ n2 {x + i y 



f (ni -d- 1)! \ 

V {x + l) ni_d ) 


(*+i r- 


Letting F(x) = x(x + l) 2d " 2 ni+l ' : (ni — d — 1)!, the above simplifies to 


(n 2 - ni)F(a:) + (d — n 2 )F{x) + (ni — d)F(x) = 0. 


Note that here we didn’t make use of the assumption that d > 0. 

In the latter case, we will make use of a set of functions g n (x) with -^^g n {x) = 
g n - m (x) and go(x) = Such a set can be defined recursively as follows: 

g^x) = log(l + x) 

fl 4- rrlt 11-1 ) 

9 n{x) = ((n - 1)! log(l + *) - k n ) 

{{n-iy.y 


where k n+1 = (n- 1)! + fc„(n). Note that g n = g n+ i + —■ By integrating, 

it’s easy to see that the expansion of g n {x) about 0 is given by 

/ ^ k n x° k n -\x 1 k\x n ~ l 

9n[X ’ = ~((n-l)!) 2 0! _ ((n — 2)!) 2 1! _ ‘~ ((0)!) 2 (n - 1)! + 

x n X nd ~^ X n+2 

( n)„ (n + 1)„ + (n + 2) n 

where ( b) n is the Pochhannner symbol denoting the n-th falling factorial of b. 

Let F[ n denote the n-th harmonic number. Note that k\ = 0, k 2 = Fli, and, by 
induction, k n = Ft n -\(n — 1)!. 

m 

Let / denote the function arrived at by neglecting all terms of the expansion 
of / with exponent less than m. For example, 

x n x n ~^~ 1 x n+2 

9n ( n)„ (n + 1 ) n + (n + 2)„ 

This removes all powers of g n which are not attached to falling factorials, allowing 
us to write out the generating function for our sum when d > n\ + 1. 
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In particular, the sum on the left hand side is the coefficient of x* in the expansion 
of the following generating function (about x = 0): 

d+1 —ni 

p(x) :=x(x + l) d ~ n2 (x + l)" -1 g d +l-m ( x )( n 2 -«l) 

d-\-l—ni 


+ ( X ^(( X+1 ) d n2 )) (x + gd-n 1 + l(x) 


d-\-l—ni 


~{x + l) d ~ n2 (x + 1)^ (x± (g d+1 _ ni ( x))^j . 


We concentrate on the summand in the last line. 

d-\-l—n\ 

(x + l) d ~ n2 (x + iy (xg d - n 1 (a;)) = 


d-\-l—ni 


, 1 \d—no < i\v( d~ n 1 , . x(x + \)( d ni ^ 

( x + 1 ) (a ’ + } \ x ^TT 9d+1 ~ ni ^ (d-m)\ 




s - -\ 

(x + y d ~ n2 (x + iy ^ ^ + ” 1 ff d+ i _ ni (x)j - 


d-\-l—ni 


{x + i) d - n *( x + iy ^ 


„ f x{x + l)( d ~ n i-l) ^ _ 
(d - m)! 

d+1—ni 


/ s 

(®+ !)*-"’(*+ ir = 


d+1—ni 


(d - m)(a; + l) d_r!2 (a; + 1)" ^a:^-j-5d+i_ ni (a;)^ 


d+1—ni 


We compare f x --gd + i_ n (a;) ) with x— W (g<j+i-m (a;)) by calculating them in 

\ x +1 ) x+ 

terms of a product of power series expansions. Let the coefficients of the expansion 
of g n (x) define a,, 6j € Q in the following way: 

n—1 oo 

g n (x ) = ^2 diX 1 + ^2 bix\ 

i=0 i=n 

with at = 0 for i {0, ... ,n — 1} and bi = 0 for i ^ {n, n + 1 , . . .}. 


1 + x 


i(x) = J2 ( J2( ai ~ c + b i-c){~o c 


2=0 \c—0 
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Define /z = a n -1 — a n _2 + • • • + (—1)" 1 ao- Then 


1 + x" 


i( x ) — ^ ]( a i—c + bj-c)( 1) 


c | x i +1 


Alternately, 


Thus 


i=n— 1 \c—0 
00 / 


= E (-lr+^v+E^-cX- 1 ) 


c ' x i+1 . 


i=n —1 


c=0 


00 / 1 


1 + X 1 


.w = E Ewt- 1 ) 


C 1 g.i+1 


2—0 \c—0 
00 / i 


= E E(^)(-d 


c ' x l+1 . 


i—n —1 \c=0 


tZ/ y v 00 y \ 

— 9n{x) = —— 9n{x) +—— 9 . 
1 + X 1 + X 1 + X 


Then the expression for P(x) becomes 


d-\-l—ni 


P(x) :=x(x + l) d n2 (x + 1)" 1 g d +i- ni (x)(n 2 - ni) 

d-\-l—ni 

+ x(d- n 2 )(a: + l) d_n2_1 (a: + l) 12 gd+i-mOc) 

d+1—ni 
-ni 

d—ni+1 


- (d - m)(x + l) d n2 (x + 1)"— : 0—'gd+i~r, 

x + 1 


— (d — ni)(x + l) d ~ n2 (x + l) 1 " 
= —(d — n\)(x + l) d ~ n2 (x + 1) 


x + 1 


-9 


r d—m +1 




To calculate / 1 , note 


x + 1 

ni+1— 2 Hd—ni—i(d U-1 f)! 

((d — ni — z)!) 2 i! ((d — m — i)\) 2 i\ 


d — n\ 


(d — ni)! \d — ni — i 


Thus, 


d—rii 

ft — ^ ^ ( l) ^d—nx—i — 


-1 


Hd—m—i • 


d—n\ 




i=0 v y i=0 

^d—ni / i\i zr /d—m\ 


d — ni 
i 


(d-m)! 

Define /} = (d-ni)!/z = We claim that fi = 

tlris result, we see that this implies 

-1 


P(x) = 


(d — ni)! 


(s + l) d - n2 (x + l) I/_ 1 x d_rtl+1 . 


. Assuming 
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The coefficient of x t for this final quantity is just ( d _ 1 ni ) ! {'t-i-d+nt) > w hich gives 
us the desired equality. 

Now for the claimed result about fx. 

Claim 6.29. = A 


Proof. Define B n := X^"=o(—We examine B n — B n _\. 

n 

B n - B n _! = 


i =0 


n 1 

= E(-l) i (7 + ^- 1 ) 


2=1 


n — 1 
i 

n — 1 
z — 1 


1 /n — 1 


2=1 X 7 2=1 
n i / \ n—1 

2=1 
1 71 


n — 1 

i — 1 


i—0 


n — 1 

i 


— -B„_i 


Applying the identity 5Z”=o( — 1)*(”) = 0, (unless n = 0, which we won’t be con¬ 
sidering), we have B n — B n -1 = 0 — ^-(q) — B n ~ i, which implies that B n = — A 
Applying this result to our special case, we see that it proves the claim. □ 

□ 

Given a non-zero contribution to —Lpj 0 of the term ch~ v z n (with d > 0), we 
can assemble a balanced tropical curve C. Begin by gluing the disks Xfi,... ,£>„ 
together at their outgoing vertices at Pi , add on d — rij unbounded edges in the 
direction m.j for 0 < j <2 and two additional edges E x and E p that will be 
collapsed to mark x and Pi. This procedure yields a frame whose valence at the 
new vertex V is given by Val(V) := v + 3d — |n| +2. Thus we have a tropical curve 
C with h : T —» Mr with h(E x ) = h(p) = h(V) = Pi. Define r := l r Vm . The 
previous sublemma allows us to easily describe the contribution to —Lpj r of the 
term ch~ u z n upon crossing the corresponding rays radiating from Pi as 

fVal(V) —3 — ((d — no) + (d — ni))\ 

V a - {{d - n 0 ) + (d - ni)) J 

Mult°(C) (f[Mult(Vi)uT>^J ui, a h-^- a ~ 1+3d -^ 

Suppose that |r| = 3 d — v' for some v' > 0. Let v be the valence of V. By 
construction, it is equal to v + 3d — |n| + 2. On the other hand, because C is 
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obtained by gluing v — 2 semirigid disks at V, we have 

V 

v -2 = ^2(\A(V i )\-\r^\)+3d-\n\ 

i =1 

= |n| — [3d — v' — (a + 1)] + 3d — |n| 
= v' + a + 1 


Therefore, the contribution to —Lpj >a from £p crossing rays associated to this term 
is precisely the contribution of C to 


{V^Pril}, ■ ■ • ,^ (#W) - 1 P r{#W} , rPt,r'S2(A))%% UrU lta ti 


Conversely, it is easy to see that any such curve h contributing to the invariant will 
be accounted for by the integral by deconstructing it into its constituent semirigid 
disks. 

Suppose d = 0. An examination of Expression 16.21 shows that any non-zero 
contribution must occur when no = = 0. In this case, M 2 = 0, which forces 

M\ = t — s = a + 1 — s, so our quantity becomes 


ff (v-a- l-(ni)) 


g (-1)“- 

s=0 


l (ni + a - s)! 


(a + 1 - s)! 



(-ni) + 




If ni > d = 0, then the argument applied in the first case of Lemma [6.281 shows 
that the above quantity is equal to 0. If n\ = 0 then v = 0, so the above simplifies 
to 


CL~\~ 1 




(-1)° 


1 ( 77,1 + r — s)! 


s=0 


(—a — 1 + s) 


In this case the contribution to —Lp t j >a from £p is equal to — (— h a+l )ui^ a 


□ 


Lemma 6.30. 


—L d 

i ;O iPj + l—+ 


1 =h ^2, ^d,0$2,i (wqo - Ul t ih+ . . . +Ul t k(-h) k ) + 

Pi 


£ (V^Pr {!}, . . . , v> r(#(r)) - 1 p n #M}^^ i (^) t d ro 4 + u-^ /i ' (!/+2_i) - 


V>i~l 

r£lZ k 

|r|=3d— 2+i —v 


Proof. This follow from the previous lemmas. Note, in particular, the first sum 
that results from the previous remark as r is varied from 0 to n. □ 


Consolidating the results of this section, we obtain the following lemma, from 
which Theorem ?? follows directly. 
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Lemma 6.31. 

K 

L( 

L d 2 


Oo ,d ■ 


£^< 


w> 0 


w\ 


So(A) 

h-tj)' 


7a,tr) 


trop d 
0,d K 


\' 1 / Si(A) 

^ ip! h-ib’ 

w>0 


7Itr) 


trop d 
0 ,d K 


k 

j =0 u;>0 


a , S 2 (A) 
ip! h — ip ’ 


7^) 


trop d 
0,d K 


7. Formal operations 


It should not be exceptionally difficult to use the scattering approach to directly 
evaluate the integrals on the potential Wk,m(A). For our purposes, it is convenient 
to instead use the axioms of GW theory to assemble it from the result of Theorem 
IQ As the integral is independent of the general arrangement A chosen, we will 
write Wk,m{A) as Wk,m in the following. We introduce a pair of operators on 
C[Ts] <8>c 7\k,m closely related to the fundamental class axiom of GW theory: 


op := 


£ U 3,l 

1 <j,l<k 


d 

duj,i -1 


and 

00 n 3 

op := exp(y 0 ,o op) = ^ —j- op J . 

3=0 J ' 

The following technical lemmas allow us to extend Theorem 16.II 


Lemma 7.1. 

W k ,m = 2/o,o + op(Wfe i0 ) 

Proof. Let V be a disk in RootDisk(A,r,T™ tr ). We will say that two disks are 
similar if they differ by a permutation of the markings on the collapsed edges E qi . 
For 1 < j < fc, let gj denote the number of edges marked by elements of {qr,..., q m } 
that map to Pj under h. Then there are ( m ) similar disks associated to V which 
contribute a total of 

v m 

( 7 . 1 ) , 0,0 Mult{V)u T ,z^' D ) 

Si! • • -9k'- 

to IFfc.m- Define V G RootDisk(A,r',T$ tr ) to be the result of removing the 
edges marked by q\,..., q rn from T> and adjusting the entries of the vector r in 
the necessary way (removing the edges E qi reduces the valencies of the vertices to 
which they are attached). This disk contributes 

( 7 . 2 ) Mult(V')u-D'Z^ D,) = Mult{V)u D ' z^ D ) 

to Wk, o- The term - op m in op will create summands of the same multi-degree 
as IT.ll when acting on !7.2l and the contribution of these terms to o~p(M4.o) is easily 
seen to equal expression 1 7. II On the other hand, it’s clear how to associate a set of 
similar disks to any term appearing in the expansion op(VWo) by adding marked 
edges E, h to the associated disk in Wk, o- Finally, the term yo,o hi the RHS of 
the lemma corresponds to the semirigid disk consisting of a single gi-marked edge 
mapping to Q. 
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□ 


Lemma 7.2. e op ^ w/fc '°^ R = op (e w ' t '°/ fi ) 


Proof. Set r £ IZk■ Let Vj £ RootDisk(A,r : ’ ,TQ tr ) for 1 < j < v, with r 7 pairwise 
disjoint and r dominating J2i =i := r '■ These disks contribute to 144,0 and its 
exponential, and thus to the quantities appearing on either side of the lemma. We 
will compare their contribution on either side of the desired equality to terms of 
multi-degree u r yQ r ^h~ v . On the LHS, this is given by 


V 


n 


vSPf(\r-r> 
\r — ri\\ \ r — r- 7 


Mono(Vj) 


(recall the definitions given in Section [2]), while on the RHS it is given by 


Vo,o 
| r — r 


'll 


r — r 
r — r‘ 


]T[ Mono(Vj). 
j =i 


Because Y^j=i r ~ rJ = r — r' , the two expressions are equal. All terms appearing 
on either side of the desired equality result from such choices of sets of disks, and 
the lemma is proven. □ 


Together, the two previous lemmas yield: 

Corollary 7.3. e Wk ^! h = op ( e (w>,o+w fc ,o)/ft) _ 

If we, by abuse of notation, extend op and op to their obvious operators on 
C[[2/i,o]] ®c their actions commute with the integration of Theorem 16.II Let 

I'b.tr := To^rJ/o.O T ^)a,tr 
be a formal expression as before. 


Corollary 7.4. 


where 


2 2 
J2 a l e Wk ^ /h Q = h~ 3a ( ah) J e Vl ’ oa Qj 

7=0 j= 0 


Q .-pW/t I w \trop y 10 d 

u °-- e + w \ { H-'ip ,lb ’ tr)o ’ d 

d> 0,w>0 T 

£), . _ h 1 ^W \trop y lt0 d 

Ul ' ^ w\ { h-ip ,lb ’ tr; °’ d 

d> 0,w>0 r 

e 2 : = h-^t(-ny± v 2jfy w+ £ 


j =o 1 =0 


d>0,7D>0 


in C[[j/i]] ® c 94fc,m- 
Proof. By Corollary [7A 
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Then 

0 O : = e 2/0,0 


/ft i r yo.o/t>-~ 1 y 'S'o(^) w \tropy 10 d\ 

+ X e op l w\ { h-r 7b ’ tr)o ’ d ) 

d> 0,w>0 x 7 

e i:= V e »../» 0 p/t/ ( |h^, 1 » i . ) j 7e ».,.h 

d>o,w>o \ • r / 

0 2 : = e vo,o/n h -iJ2y 2ji _ h y + e y^ h dp(^(^,^ t X7^ yi ’ od ) • 

3=0 d> 0 ,w >0 \w. n ip / 

Select d, v £ Z >0 , r £ IZk with n := #(r), and l £ Z> 0 . We wish to find the co¬ 
efficient of ^jf 2 -u r e 2/1,od /i _ ^ +2 ^ in e J,0, °/ fi op 
This is readily seen to be 


d>0,w>0 w\ 




E jT E 

r' -<r 

|i— r'J— l—i 


. n i\ ' |r — r 

2—U rXr 


l/So(A) w drop yi o d\ 

! \ h—'ip ’ ib,tr/0,d e y’ 

IT I r') (r’^Pri 1}, . . . ,/W-'Pdn}, r~ l S 0 (A))lj 


I I ... -7 V> ^1’ • • * ’ “W 


2+U>l +... +'U7n =i 


where the above invariants are interpreted as zero if they contain any negative 
powers of ip. By iterating the tropical fundamental class axiom /Lemma 1 1.711 . it’s 
easy to see that 

(pW-'Pri 1} • • r^PrwXpr, V S 0 (A))*? 

is equal to the above expression. Of course, the same result holds when replacing 
S 0 (A) with S^A) or S 2 {A). □ 


Next, we normalize the integral from the above corollary to satisfy the conditions 
of Section 1 of IIP] , allowing us to apply mirror symmetry. 

Lemma 7.5. Let S £ H 2 (k~ 1 (u), Re(M4 as j C //i) <C 0,C). Then 
e 'W-/ R (op(W fc ,™))Ll = hop ( jf e w ”^ h Slj 

in C[Ts] ®c 9lfc,m- 
Proof. 

[e w ^ h (op(W k , m ))n = h J^o V {e w ^/ h )Ll 

= ho V (/e^/^) ■ 

□ 


Combining the result of Lemma 17.51 and the tropical fundamental class axiom 
/Lemma 14. 71) . we immediately achieve the following result. 
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Corollary 7.6. Let / := 1 + op(114,m). Then 


2 r 2 

Y 01 / e Wk - m/H fn = h~ 3a Y {ah) 3 e Vl '° a Lj, 
i=o j=o 


where 


T.- p yo,o/h, 1 / Q T \tropy 

L,Q.-e 2 ^ w l'H-ib , , ' b ’ tr>0 ’ d 

d>0,w>0 ' ^ 

L >-= £ 


d>0,w>0 


m l 

l 2 ■. = 


E l / iUR t _,iu \tr 
0,tr,76,tr ' 0 ' 

Z=0 cZ>0,-u;>0 r 


■w \trop y lt0 d 
d c 


If we define 4>i by rewriting 


h- 3a Y ( ah ) j e vl ’ oa L 3 = h~ 3a Y { ah Y 0i, 

j =o j=0 

we see that 

</>o : = Lq 

0i : = J/i,o^ L 0 + Li 

Vioh 2 

02 : = — L -^- Lq + yifih L\ + L 2 . 

If we write fc := J2JLo h~ 3 4>i,j with S C[[yi, 0 ]] ®c m, 

0i,O = £>i,0 
00,1 = 2 / 0,0 + -^2 
01,1 = 2 / 1,0 + -Ki 

m / 

, \ " 2/p,0 

02,1 = 2 ^ " 7 —2/2,/ + llo, 


Z=0 


where 

K*- = E “j (^2-i(-^)) ^0,tr> Tb,tr ) t 04 eV1 ’° d ' 

cZ>0,w;>0 

By Theorem 16.11 the expressions above are independent of the choice of arrange¬ 
ment A. Thus, we can simply write 

ir^trr n T 2 , tr , T™ tr , rT2-i)ij 

in place of 

(0 Qi p r{1} ..., r n Pr { u } , T^ tr , rSi(A, »‘7. 

With this observation, we write 

7b, tr '■= Tojrl/0,0 + ?2,tr2/2,0 + 0^2,tr2/2,l + ■ • ■ + 0* 1 ?2,tr2/2,fc-l • 

Let 

7 b, c z := Toyo,o + ? 22 / 2 ,o + ipT 2 y 2 ,i + ... + if k ~ 1 T 2 y 2 ^-i 
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and 

7c,ci := T 0 y 0>0 + T 1 y l ^ 0 + T 2 y 2 , o + ‘4 } T 2 y 2 ,\ + • • • + V’ fe_lr 2 ?/ 2 ,fc-i 
where Ti is a positive generator of i/ 2l (P 2 ,Z). Given the results of Markwig and 
Rau m showing the classical relevance of these tropical invariants, we have 

Ki= £ i I (r 2 _ iitr ,r 0 , tri 7 6 V)o7 e!/1 ’ od 


d>0,iy>0 


= £ ^(T2-i,To,^X<i eVl ’ od 

d> 0,w>0 

= E 

<2>0,2i;>0 

where we use the divisor axiom and the convention that GW invariants of incom¬ 
patible dimension (see [7] for a discussion of dimensions) are equal to zero. Let 

Ki~ £ ^(Ti,T 0 ,^X, d 

77 w] 

(we now include degree 0 invariants). 

Using the fundamental class and point mapping axioms of classical GW theory 
to analyze the degree 0 pieces of K t , one can see that = A' 2 -j. For example, 

^ 2 = E^< T 2’ T °,7c7>o!o 

w> 0 

= (F 2 ,r 0 , 7 c,ci)o,o 
= {T 2 ,T 0 ,y 0 fiT 0 )f 0 
= Z/o,o 

We take the inverse limit 

9 *k ■= A fc [[t/o,o]] = 

<—m 

and extend the above results in the obvious way. 

8. Mirror Symmetry 

Definition 8.1. We consider Givental’s J function as an element 
J P 2 e <C[[y 0 ,y 1 ,y 2 ,fr l ]\ ® H* (P 2 , Z), 
defined as in m, up to some minor rearrangement, as 

J p2 =e {T0V0+T iy \)/h y |7 o + y ~ 2T2+ 


£( E (T 2 d+i ~ 2 ~ u ,’ip , 'T 2 _ i )^ d n-^ + 2 ) p dy ' 1 —^ 


3 d-\-i— 2 —v 


2—0 d> 1,^>0 

Define Ji to be the Ti component of J. 
Lemma 8.2. Let 7 := T 0 y 0 + Tiyi + T 2 y 2 


(3d + i — 2 — v)\ 


)tX 


^ 1 r T 1 

J*- = n+ E t. 


w , d —0 2—0 
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Proof. Let us examine J\. 


Ji — 


2 /i e 


yo/h 


1 + EE (T£,rT 2 )$ >d H-< v+ 2 h d *y^ 


d> 1 j, u >0 


+ e y° /h (EE^.^)^ +2) ^j 


\d>l j,v >0 


(8.1) =y± l e y°/ h + J2 E f +”T 2 )^r ( " ,+ l ,+ 2 ) e ‘ i! '' 1 ^ 


d> 1 j,w,i />0 


WIJ\ 


+E E (^2>i i >I ' +w Ti)o,df l ( v+w+ 2 ')e d *' 1 ^' 

~ ~"W/Pj 

= y± e yo/h + ^2 (Ti,T^,if) v+w - 1 T2)^ d tr iw+,/+ 2 ) y 1 e dv ‘ 1 ^^- 

h d,v>lj, w >0 ’ W - J - 

+ E E 

d>lj,w,v >0 ^ 


( 8 . 2 ) 


(8.3) 


(8.4) 


= E T F (rri,r 0) 7 t )§|o+ 


t,i/>0 


E E (i%,iff,v> y + B >- 1 r 2 )^fe-^ +2) i i/ ° ^ 

eZ,Z,i/>l j,w >0 ^ 


E E ( r 2. r o"> ^ v+w Ti)Q d h~^ w+v+2S> 

d,l>l j,w,v>0 ’ **'’ 

= E ^^0,7^0+ 


+ 


t\ 

t,v>0 

E E <r|,r 0 -,T^^ + “T 1 )^/i-^+ 2 )^|^ 

cZ,Z>l l,j,w,iy >0 

d,l,j,w,v>0 


cZ,LD ,>0 


Equality [HU] is due to the fundamental class axiom. [8721 is due to the point mapping 
axiom, 18.31 is due to the divisor axiom, and 18.41 is due again to the fundamental 
class axiom. The other pieces of the lemma follow from similar analysis. □ 

Define a map 

d> : CHyoM, y^tr 1 ]] ® LP(P 2 ,Z) -> 9t fc [[y lj0 , Ti" 1 ]] <g> LP(P 2 ,Z) 
by j/,; i-> I< 2 -i for 0 < * < 2. 
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Let 

2 

T trap ' = ^2 ^ iTi 
2=0 


and 


Jf := $(J). 

Theorem 8.3. Let St Jls^k be the formal spectrum of the completion of C[Jvs] ®c 
SHfc at the maximal ideal (yo,o,n — 1 >{ u i,j}i,j)- The completion is isomorphic to 
^[[ 2 / 1 , 0 ]] SHfc with j/i o := log/t, the latter expanded in a power series at k = 1. 
Let 

Xs ,k = ^Y,,k x M-z,k ,k- 

The function Wk,m regular (for all m) on and restricts to Wbasic = xq + 
x\ + X 2 on the closed fiber of Xs,k —»• Xtjyfc and hence gives a deformation of 
this function over S!Jls,fc. Thus we have a morphism oj from OJtjyfc to the universal 
unfolding space A4 := Spec C[[yo, 2/i, 2 / 2 ]] ■ This map is given by: 

2/0 ^ K 2 
2/i ^ Ki 
IJ2 >->• K 0 . 

The morphism uj induces the map $ defined above, and 

Ttrop = J- 

Proof. Follows from Corollary 17.41 as our data satisfies the conditions of Section 1 
of [TU]. See Corollary 3.9 of pTO]. □ 

For convenience, we again take an inverse limit 

94 := limSHfc 

i-k 

and extend the above definitions and results. Note the natural inclusion of 

:= C[[ft -1 , yo.o, 2 / 1 , 0 , 2 / 2 , 0 , 2 / 2 , 1 , • ■ •]] 
into SH[[2 /i, 0 , ft -1 ]] given by 

2/2 ,i >->• y 

3 

Because the period integrals are symmetric with respect to point labelings, the 
limits of T tr0 p and 1 in 94[[yi,o, ft -1 ]] are in the image of this inclusion. In the 
following, we restrict to this setting. 

Consider the classical version T of T trop, where each tropical invariant is replaced 
by its corresponding classical GW invariant. We will show that T = JJ, thus implying 
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T trop = T. Consider a component of T = TjTj. 

1 T 

T — r Vo.o/h | / 2 7 1 \c2 i/i.od 

lo-e +2^ w^h-ib' °' lb ' cl ' 0 ’d 
d> 0 ,w >0 ' ^ 


v>l 


= r„ + j:»"- 1 r 2 ,To,T„”)Sl„^+ V 


1 , To 


c£>0,k;>0 


w! H — ip 


= T «+ £ h^ M ^ ey “ d 


d,w> 0 


= To+ £ 


d,w>0 


The second equality is by the fundamental class and point mapping axioms, while 
the last follows from the the divisor axiom. A parallel analysis (similar to that 
found in Lemma l8.2l) can be applied to the other components, yielding the following 
identity: 


t = t °+E e 

i =0 d,w >0 


i 

w! 


T 2 _j 
h — ip 


,T 0 ,lZATi- 


We now turn our attention to J. Defining jj = T 0 K 2 + T\K\ + T 2 K 0 , we can write 


J = T « + £ £ 


2=0 d,w >0 


a generating function whose coefficients can be written entirely in terms of the 
classical GW invariants of P 2 . 

The following operators will be, for our purposes, closely related to the dilaton 
axiom. 


diff := 2 / 0,0 


dyo,o 


V 1,0 


02 / 1,0 


E^ 

2>0 


02/2,i 


diff> := 


E^ 

i> 0 


_ 5 _ 

02/2, i' 



AT 2 -i = diff(T). 


Lemma 8.4. 
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Proof. 


1=o 




dyj, o 




. 7 , 2=0 \d,w >0 
2 


d' ,w'> 0 




2=0 d,2D>0 
2 


=£"( e 


2=0 y d,w>0 

= diff(T). 


The second equality is due to the topological recursion relationship (see [TT], Propo¬ 
sition 2.12) , while the third is due to the dilaton axiom. □ 


Lemma 8.5. 



= diff(l). 


Proof. 


E 

1=0 


/ a 


\dyj, o 


= E 


E E 

2=0 2P>l,d>0 


—' di/j o \ w\ x h-ib 

1 , 2=0 y -'’ \w,d=0 T 

1 , t 2 _ 


OO -j rr\ 

y ^& T «^ro‘A^-,T l = 


(w — 1)! h — 


T (^,r„,7r 1 >s;,g <*>++**>) w. 


For 0 < l < 2, 


2 


E 


_E 

%1,0 


(Ki)K 2 .j 




0,tZ 




d,w> 0 


d' ,w'> 0 


W' 


r 0 ,7£j> 


cl 

0,d' 


dj£ o w! 

diff(Al), 
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where the above equalities follow from the reasoning used in the previous lemma. 
So we have 



I<2- 


J 


2 oo 


= £ £ 

i —0 w>l,d >0 




(w — 1)! 'H — ip’ 


(jrBr, To,1 W J ~% d diff (K 0 +K 1 + K 2 ) T t 


= diff 


2 oo 

£ £ 


i—0 w,d>0 


1 , T 2 -i 

(w)\ h-ip’ 



□ 


We use induction to show T = J. Define a Z [-|] grading on the monomials of 
m®H*( P 2 ,Z) by 

g 1 iyo,oyi,O h ~ 1 ' II y%7n T i) : = £ v ~ J - i + £ a m(m + 1) | + O m . 

m \ m / m> 0 

Note that diff and diff > preserve the gr-grading of monomials not sent to 0. 

When applied to a summand of T, 


gr (Tq , Tg 0,0 , T-^ 1,0 , Tj 2,0 ,..., ^ k - 1 T 2 ) r 2 ^-\rT 2 -i)^ d h-^T l Y{ ^ 


r a ,b 

a,b 


, r a b- 

a,b ’ 

d + the number of insertions with positive exponent on ijj, 
excluding the term whose power of ij) is recorded by the exponent of fl. 


The integrality results from dimension restrictions of nonzero invariants. Defining 
Ki := KiTo, we examine the value of gr on a typical term. 

r a ,b 

y a , b 


d H---(- the number of insertions with positive exponent on ip. 

O 

When applied to 1, gr admits a similar description. The coefficient of the monomial 
of a particular degree is a sum of products of GW invariants. When expressed in 
this form, the grading can be recovered from any summand of the coefficient as 
the sum of the degrees of the invariants in the product with the count of the total 
number of insertions with non-trivial ^-classes, again excluding the term whose 
exponent of ip is recorded by the power of H. 

For j € Z [|], define lyj and Tyj to be the gr-degree j monomials of 1 and 
K, respectively. Note that gr is integral and non-negative for all non-zero terms 
in 1 and T. The base case Jo = To follows from the point mapping axiom. Let 
n > 0 € Z, and assume Juj = T^-j for all j < n. 


gr 




<ri,0 rpT 2,0 

1 ’> 1 2 


0 P x t 2 y ^,..., (ip k ~ l T 2 y ^, T x y\ d T 0 n 
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We analyze the degree n part of diff(T) using Lemma T8.41 
2 


■Oh = | E 

10=0 


d 


d Vj 


y,o 


t k 2 . 


(8.5) 


-EE 

w =0 j —o 
n 2 

-EE 

w—O j —0 
2 / n—1 

= E E 

j =0 \ w ;=0 


( n —1 


( d 


■T 


\9yj,o J 
/ a 




[n—u> — 


V 5 %,0 

a 


Tr, 


&yj 


-Tr, 


j =0 \iu=0 


y,o 


E(E(^m)(M,„^ 


(avA 


d Vj,< 


-Tr. 


0 (^)r-H 


d Vj 


-Tr, 


y,o 


Vj,o 


The indices in equality 18.51 are due to the integrality of gr on monomials of T and 
the action of g ® p . Noting that the second summand of the last line is precisely 
the difference between diff>(T)[„] and diff(¥)[„], 


diff 


2 ( U ~ 1 / f ) \ 

■ (t) n = E (E (E-j) 

j =0 \w =0 v ' 

; J w) 


j —0 w =0 

d 


n—w -3^-] 


n—w -3^-] 


+ 


dy. 


eS((E 

= diff>(JJ) [n] . 


(Av,) 


, d f 

VO,j o [n 

dyj, o 


Therefore, diff>(T) = diff > (JT). Of course, the above equality implies T = JJ in 
all degrees except for those which are in the kernel of diff >, i.e. degree 0 in y 2 j for 
all j > 0. However, these exceptional degrees are exactly those for which Gross has 
shown T is equal to T trop = JJ. Therefore, we have proven the following: 

Theorem 8.6. T = JJ. 

Corollary 8.7. T tr0 p = T. That is, the tropical descendent GW invariants of 
Definition \4-o\ are equal to their classical counterparts. 
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